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We study the infinite system equilibrium states in the statistical mechanics of classical
lattice gases. We show that breakdown of the translation invariance occurs if and only
if the derivative dP(® + A¥)/dA is discontinuous at A = 0 for some ¥. In this formula,
P is the pressure, @ the translation invariant interaction of the system, and ¥ a “small
external field” from a suitable class of nontranslation invariant interactions. In an
appendix we show that an Ising ferromagnet in a nonvanishing magnetic field has only
one equilibrium state.

INTRODUCTION

The equilibrium states for an infinite system in statistical mechanics may be
defined as the thermodynamic limits of finite system equilibrium states.! The latter
are given by the grand canonical ensemble with various boundary conditions. If
the interaction @ is translation invariant, there is at least one (translation) invariant
equilibrium state, but there may be several (corresponding to several thermo-
dynamic phases). Even if there is only one invariant equilibrium state (phase),
there may be many equilibrium states, forming a convex set. Every equilibrium
state p is the barycenter of a unique measure p carried by the extremal equilibrium
states (w gives the unique decomposition of p into pure equilibrium states). In
particular, let there be a unique invariant state p (pure phase); if the support of
the corresponding measure u is not reduced to {p} we say that the translational
invariance of the theory is broken. This symmetry breakdowr implies that there
exist nontranslationally invariant equilibrium states. On the other hand, it is not
known if the absence of symmetry breakdown implies that there is only one equilib-
rium state. It would be very interesting to have a proof, or a counterexample.

* On leave of absence from Institut des Hautes Etudes Scientifiques, 91 Bures-sur-Yvette,

France.
t Research sponsored by the Alfred P. Sloan Foundation.
1 For details see Dobrushin [2] and Lanford and Ruelle [8].
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SMALL EXTERNAL FIELDS 365

The idea of much work on ferromagnets, antiferromagnets, superfluids, etc. ...
is that the breakdown of the translational symmetry can be detected by use of a
small external field A¥. Let P(P) be the thermodynamic pressure corresponding
to the interaction @. It is expected that dP(® -+ A¥)/dA is continuous in A at
A =0, for all ¥ of a suitable class, if and only if there is no symmetry breakdown,
i.e., if and only if there is a unique invariant equilibrium state p which cannot be
decomposed into noninvariant equilibrium states.

In the present note we restrict our attention to the simple case of classical lattice
gases. The external fields ¥ are nontranslationally invariant interactions such that
P(D + AW)is well defined. To satisfy this last requirement we introduce a class %4
of averageable interactions ¥ which generalize the random interactions of Griffiths
and Lebowitz [6]. Our main result is then Theorem 2 which expresses that the dif-
ferentiability of P(® + A¥) at A = 0 for all averageable ¥ is equivalent to the
absence of symmetry breakdown: the unique invariant equilibrium state p is an
extremal equilibrium state.

1. NOTATION

We indicate here briefly the notation and results which will be used.

If Eis a set, | £ is the cardinal of E, Z(E) is the set of subsets of E, Z/(E) is
the set of finite subsets of E.

An interaction for a classical lattice gas (on a lattice Z¥) is a function
b: Z(Z") — R such that D(¢) = 0. We restrict ourselves here to bounded inter-
actions, for which

1@l = sup | DX + »)| < +o.
Xo0 weZ’
These interactions form a Banach space %2 containing as subspace & the translation
invariant interactions.
The topology of pointwise convergence of the characteristic functions makes
P(Z) into a compact set. We call ¢¥ the abelian C*-algebra of complex continuous
functions on this set. If A C Z», we let (7 , be the subalgebra of functions A such that

AX) = AKX " A).

A state o is a probability measure on Z(Z*), or, equivalently, a positive linear
form on % such that o(1) = 1.
Let @ € #2. If X € Z(Z"), we write

Us(X) = 3 9(S).

SCx
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If, furthermore, ¥ CZ* and X N Y = ¢, we let
Wo(X, Y)= " &),

SCXUY
where 3 * extends to those S such that SN X % ¢ and SN ¥ # ¢. A state o is
an equilibrium state with respect to @ if, for every A e P,(Z"), there exists a
probability measure ¢, on #(Z*//) such that

I 2 xca A(X) exp[—Uy(X) — Wo(X, Y)]
o) = [ a.dn) S ) — ok, D O

for all 4 € Z,. The equations (1) are called equilibrium equations (see [2]). For
every @ € #? there exists at least one equilibrium state.

When x € Z*, X C Z*, we introduce the translated set X -+ x. If 4 € ¢/, we define
a translated function 7,4 by

7,AX) = AX — x).
Finally, if a = (dl,..., @’) and d&,..., @” are strictly positive integers, we let
A@) ={xeZ:0 < x <a}

and write a — oo for ai,..., @* — 0.

2. AVERAGEABLE INTERACTIONS
LEMMA. The ball B, ={@ e %% || D | <r} is compact with respect to the
topology I~ of pointwise convergence (of functions Z,(Z”) — R).

In the space of all functions #Z*) — R, B, is the intersection of the closed sets
n
Bxl---x,, = D Z [ O(X) <rg,

i=1
where (X; ,..., X,,) is any finite family of translates of sets X7°,..., X,.%, all distinct
and containing 0. Furthermore, B, is contained in the compact set

{@: | (X)) <r}

product of one copy of the interval [—r, r] for each X € Z,(Z>).

DEFINITION. Let @ € #® and || @ | < r. We say that @ is averageable if, for
every a with strictly positive integer components,

lim | AGI Y 8(r_nd®) @

neAb)
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exists in the vague topology of measures on B,(7).2 We have used the notation

7,D(X) = D(X — x),
8(®) = unit mass at D,

na = (n'd.,..., wa).

THEOREM 1. (a) The set #4 of averageable interactions is closed in %% and
invariant under translations of 2?. 1f @ € B,V € #4, and X € R, then D 4 AV € BA.

(b) If @ c B4, the limit
P(®) = lim | A@)*log Y. exp[—Uo(X)]

XCAla)

exists. P(-) is continuous, convex on %4, and translation invariant. More precisely, if

D, V¥V c B4, then
| P(P) — P <P - V|
If, furthermore, 0 < a < 1, and o® + (1 — )W € %4, then
Pe@ + (1 — 9)¥) < oP(P) + (1 — o) P(¥).

Finally, if xe 2,
P(r, D) = P(D).

The proof of (a) is immediate. To prove (b) we use the density of finite range
interactions. We say that ¥ € %2 has uniformly finite range if there exists 4 € Z(Z”)
such that X — X C 4 whenever ¥(X) = 0. Let %#,2 be the space of these inter-
actions. If ¥ € &8 and A € P(Z"), we let

Y(X) whenX — X C A,
0 otherwise.

w00 = |

Then lim,_, ¥, = ¥, showing that %2 is dense in %B. If ¥ is averageable, one
checks readily that ¥, is averageable, so that Byt = %1 N HP is dense in F4.
Let now

Py®P) = | A7 log ), exp[—Us(X)].

XCa

2 More explicitly, (2) means that for every continuous (complex) function f on B/(J) the
following limit exists:

blim HABIT 3 frna®).

neA()

1t suffices to check the existence of this limit for sufficiently large a.
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With the same arguments as for translation invariant interactions {9, Section 2.3],
we find that if @ € #4, given € > 0 there exists a such that

i@ — A T Pawind®)| <€

neA(b)

for all 5. On the other hand,
im [ A®B) Y Pa@+na(D)

neA(b)

= Il)l_gg I A(b)l_l Z PA(a)(T——naQ)

neA(b)

exists because @ is averageable. The proof of (b) proceeds then as in the case of
translationally invariant interactions.

Remarks. (a) In Theorem 1(a) one can let A tend to infinity in a more general
manner, provided the definition of averageable interactions is suitably modified.

(b) If A4 — oo on an ultrafilter, then, for all @ € #%, we may write
lim P (D) = P(D).

With this definition, P is continuous, convex, and translation invariant, but non-
unique.

3. A CHARACTERIZATION OF SYMMETRY BREAKDOWN

LemMA. Given A € PAZ’), we consider the projection p\,: P(Z%) — P(Z\A)
and for any state ¢ let @, 4 be the image of ¢ by this projection:
Prva = Prap-
Let @ € 4. If we define
P, (®) = | A7 [ puu@¥)log ¥ expl—Us(X) — Wo(X, Y}
XCAa
we have

lim Py, 4o)(P) = P(P) G)

and, if @ is an equilibrium state for the interaction D,

. 0
lim [| A@I ¢(Us,a@) + 55 Poaa®@ + 28)| | =0, @
a-»o 8A A=0

where ¥ € B4 and Uyp 4(X) = Up(X N A).
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Part (3) follows from standard estimates; (4) follows from the equilibrium
equations and the relation

cate) Use(X) exp[—Ug(X) — We(X, V)]
Y xcatw eXpl—Us(X) — We(X, Y)]

Yxcaw [Ue(X) + We(X, Y)] exp[—Us(X) — Wo(X, Y)]] 0
P xcata SXp[—Us(X) — Wo(X, Y)] )

— | A@)i™

lim | 4@ [ pra@r) 2=

X f P@@Y)

THEOREM 2. Let © € #. The following conditions are equivalent.

(a) There is only one translation invariant equilibrium state p, and it is an
extremal equilibrium state.

(b) If p is an invariant equilibrium state, ¢ any equilibrium state, and
A = A*e 0, then

lim | A@) Y [o(rad) — p(A)F =0 5)

wed(a)

uniformly in o.

(¢) For each ¥ c B4 (or V¥ € By*), the function A — P(D + AVP) is differen-
tiable at zero.

First, we assume (a), and prove (b). Define ¢[/] as an average over translations

olA)4) = | A} o(r,A).

zeA
We claim that
lim o[A(@)](4) = p(4). ©)
In the opposite case there would exist a limit point o* of the o[A(a)] such that
o*(4) # p(A), and o* is an equilibrium state invariant under translations, against

the assumptions. Let A'(a) = {x € A(a): o(r,4) > p(4)} and A"(a) = A(a)\A'(a).
If o[A'(@)], o[A"(a)], | A'(a)|/| A(a)| tend to o’*, o”*, A, we have, by (6),

Ag'* 4 (1 — X)) o"* = p.
If (5) did not hold uniformly with respect to o, we could arrange that

| A@)* 3, [o(rzA) — p(4P —~ C >0,

xeA(a)
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and therefore,

Alo"(4) — p(4)] — (1 — N)[o"*(4) — p(4)]
= lim [ 4@ Y |o(r.d) — p(d)l = C2[| 4] >0

xed(a)

in contradiction with the extremality of p.

To show that (b) implies (c), we let (A;) be chosen such that A, — 0, and the
function A — P(® + AP) is differentiable at A, . Also let o) be an equilibrium state
for each interaction @ 4 A ¥. Assuming (b), we prove the differentiability of
P(® + AP) at A = 0 by showing that the derivative at A; has a unique limit when
k — oo. This results from the following relations

7 .0
— 55 P@ + A¥) M lim == Popa@(® + A¥) .
= }11_{2 | @)™t ox(Usw, a@)s M
lim lim | 4@/ 0x(Us.a) = lim | 4@ pUy.ac0). ®)

Equation (7) follows from (4). It remains thus to prove (8) and, by density, it
suffices to do this for ¥ € Z.
Given ¥ € %,4 and ¢ > 0, it follows from (b) that a exists such that

| A@)|* | G(U'I',A(a)+na) - P(UY',A(aH'na)l <€ ©)

for all n € Z» and all equilibrium states o. We may also assume that, for all b,

| A(ab)| <e (10)

U‘F.A(ab) - Z U?’.A(a)+na
neA(b) .

For A sufficiently large, A D A(a), the function
-1
A e—Uq,(x)—Wq;(x.Y) A( X) e—U¢(X)—W¢(X.Y)
(Z )z

on (%, is arbitrarily close to the restriction of some equilibrium state to (7, »
uniformly in ¥ C Z*\/. Inserting this in (9) gives

y) 2xcatna Ur.a@-naX) g Voh-ralen) (U )| < 2¢
ZXCA-!-mz e~ U X)-WglX.T) P\V ¥, 4(a)+na f

| 4@ | [ Guat

where G, is any probability measure on Z#(Z\(A + na)). In this relation, we
replace the interaction @ in the exponentials by @ + A, ¥, For sufficiently large k



SMALL EXTERNAL FIELDS 371

this causes little change. Taking then 6., = P\(41na) 9% and applying the equilibrium
equations gives

| /l(a)l"l l Gk(U‘I',A(a)+na) - p(US“,A(a)+na,)l < 3le.

Finally, using (10) we find

| A(ab)|~* | ol U, atany) — P(U‘I’,A(ab))l < Je,
and hence

13_{2 | A | 0u(Ug,a00) — Uy, 1(0)] < Se,

which proves (8), and therefore (b) = (c).

We prove (c) = (a) by assuming that (a) does not hold and showing that, for
suitable ¥ € %44, the function A - P(@ + AW) is not differentiable at zero. If
there are more than one translation invariant equilibrium states, this can be
achieved with ¥ € Z[9]. If there is only one invariant equilibrium state p, let u,
be the unique measure with resultant p carried by the extremal equilibrium states
[8]. If A€ we let A be the function on states defined by A(c) = a(4). By
assumption p, is not carried by {p}, and we can choose 4 = A4* such that
,up(/P) # p(A)®.. We may also suppose that A e, for some @, and that
A(®P) = 0. For p,-almost all o we have

lim [ AG)? Y, o(rad) = p(d) = p(4)

ned(b)

fim | A@)? Y [o(raad)F = p(d2).

ned(b)

an

Let ¥ (X) vanish unless X is contained in a translate A(a) + na of A(a), and let

| A@I Y, PoY) = 0(1ped) - TraA(X) (12
YCcx
for all X C A(a) + na. This defines ¥, unambiguously and we note that, by the

pointwise ergodic theorem, ¥, is averageable for u,-almost all o. We fix now o
such that ¥ = ¥, € 4 and (11) holds. Inserting (12) into (4) we get

.0 .
—lim 75 Postar(@ +27,) = Jm [ AG) T ¢ ( T o(raed) Trad)

neA(b)

= ;)13 [AGI Y 0(Tned) P(Trad).

neAb)

In particular for ¢ = p the r.h.s. is p(4)?, for ¢ = o it is p(4?), and, since these
are different, (3) shows that A — P(®@ + A¥) is not differentiable at zero.
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Remark. One can use Theorem 2 to prove that there is no breakdown of trans-
lational invariance in an Ising ferromagnet when the magnetic field is different
from zero. In this case one can, however, show that there is only one equilibrium
state. The proof of this stronger result is presented in the Appendix.

APPENDIX

THEOREM. Let @ be a pair interaction on Z:P(X) =0 for | X| > 2,
D({x, y}) = Bolx — ), D({x}) = —Bp. If ¢ <0 and

pEL Y olx), (A1)

r#£0

then there is only one equilibrium state associated with the interaction D. (In the
equivalent language of spin systems we may say that an Ising ferromagnet has only
one equilibrium state when the magnetic field is different from zero.)

First we prove some lemmas.
LemMMA 1. Let A be a finite subset of Z*. We denote by p,*, p,~, and p, the
correlation functions of a system contained in A with the following boundary condi-

tions: all the points of Z\/ are occupied (p,*+), or all the points of Z\A are empty
(pa7), or some are occupied and some are empty (p ). Then, if X CAC A,

pa~(X) < pa(X) < puH(X) (A2)
pa (X)) < pr(X),  p(X) < pat(X). (A3)
If Y is the set of occupied points in Z*\A, we have

2s:xcsca exp[—U(S) — W(S, Y)]
2sca €xp[—U(S) — WS, Y)]

= lim > sixcsca expl—US v (Y N M))]
Maw Moo, exp[—US U (YN M)

pa(X) =

Letnow e {T)=|TNY|—|T\Y]|, then

paX) = 1\1}_1}}0 Al_lﬂo prn(X),

2s:xcsca 2remia SXp[—U(S U T) 4 Aey(D)] )

¥ —
PamX) = Sisca 2remia eXp[—U(S W T + Aep(T)]
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A theorem by Fortuin, Ginibre and Kasteleyn [3], extending a theorem by Griffiths,3
asserts that the correlation function for a lattice gas with negative pair interaction
depends monotonically on the chemical potential at each i attice point. Therefore,

Pan(X) < phn(X) < plan(X)
PianX) < phan(X),  pEan(X) < plasn(X)
and the lemma follows by letting A — 400, M — oo.
LemMa 2. When A - o, p,H(X) and p,~(X) tend to limits p*(X) and p~(X)
defining translation invariant equilibrium states p* and p=. If pt = p~, then

lim pA(X) = p*(X) = p=(X). (%)

The existence of the limits follows from the monotonicity (A3). Uniqueness of
the limits implies their translation invariance. Finally, if p* = p~, (A2) implies (A4).

LemMa 3. If (Al) holds there exists only one translation invariant equilibrium
State for the interaction D.

1t suffices to prove that the graph of the pressure P has a unique tangent plane at
(D, P(D)) (see [8]), or that the function A - P(® -- AW) is differentiable at A = 0
for all translationally invariant interactions ¥ with finite range. We have

P(@ + A¥) = lim | A|™ log Z,(2),
where

270 = Y Mo [BY % o —»—A Y PO,

xca zeX yed\X ¥Cx
z = exp [B (M -3 m;ﬂ <P(x))]-

Using the method of [10]* it is seen that, given € > 0, there exists 6 > 0 such that if
| A] < 8 (Acomplex), then Z ,* does not vanish in the region{ze C: || z| — 1| <e}.
Therefore, for real z 54 1, P(® + A¥) is analytic in A at A = 0 and the lemma is
proved.

Proof of the Theorem. Since (Al) holds by assumption, Lemma 3 shows that

3 See Griffiths [5], Kelly and Sherman [7], Ginibre [4].
4 Based on an idea of Asano [1].
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there is only one translation invariant equilibrium state p. In particular we have
pt = p~ = p, and Lemma 2 gives

lim p,(X) = p(X)

independently of boundary conditions. Therefore, there is only one equilibrium
state.

Remark. Also for u = 3Y,., ¢(x), the presence of a unique invariant equi-
librium state implies that there is only one equilibrium state. This situation prevails
for small B (large temperature).
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